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1-SMOOTH PRO-p GROUPS
AND THE BLOCH-KATO CONJECTURE
CLAUDIO QUADRELLI
Abstract. Let p be a prime. We study pro-p groups G endowed with a
continuous homomorphism G → 1+pZp satisfying a formal version of Hilbert
90. These pro-p groups are particularly important in Galois theory because
by Kummer theory maximal pro-p Galois groups of fields containing a root
of 1 of order p, together with the cyclotomic character, satisfy such property.
In particular, we prove that De Clerq-Florence’s “Smoothness Conjecture”,
which states that the Bloch-Kato conjecture follows from this formal version
of Hilbert 90, holds true in the class of p-adic analytic pro-p groups.
1. Introduction
For a field K let K¯s denote the separable closure of K, and GK = Gal(K¯s/K)
the absolute Galois group ofK. One of the main open questions in modern Galois
theory is to describe absolute Galois groups of fields among profinite groups. The
description of the maximal pro-p Galois group GK(p) — i.e., the Galois group
of the maximal p-extension K(p)/K — among pro-p groups, for a given prime
number p, is already a challenging task. One of the oldest known obstructions
for the realization of a pro-p group as GK(p) for some field K comes from the
Artin-Schreier theorem (whose pro-p version is due to E. Becker, cf. [Bec74]):
the only finite group which occurs as absolute Galois group (and maximal pro-p
Galois group) of a field is the cyclic group of order two.
The proof of the celebrated Bloch-Kato conjecture, by M. Rost and V. Voevod-
sky (cf. [Ros02,Voe11,Wei08]), provided a description of the Galois cohomology
of absolute Galois groups of fields in terms of low degree cohomology. This led
to the achievement of new obstructions for the realization of pro-p groups as
maximal pro-p Galois groups (see, e.g., [EM11, CEM12, Qua14, QW18]). For
instance, one may recover the Artin-Schreier obstruction as consequence of the
Bloch-Kato conjecture.
More recently, a formal version of Hilbert 90 for pro-p groups was employed
to find further results on the structure of maximal pro-p Galois groups (cf.
[EQ19,MRT18]). Namely, a pro-p group G endowed with a continuous module
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Zp(1), isomorphic to Zp as abelian group, such that the canonical map
H1(G,Zp(1)/p
n) −→ H1(G,Zp(1)/p)
is surjective for every n ≥ 1, is called a Kummerian pro-p pair, and moreover G
is called 1-smooth if this holds also for every open subgroup (cf. Definition 2.1).
If K contains a root of unity of order p, then by Kummer theory GK(p), together
with the groups µpn of the p
n-th roots of unity lying in K(p), is 1-smooth (cf.
Theorem 4.1). This property was used first by J. Labute in [Lab67], where it is
shown de facto that Demushkin pro-p groups are Kummerian.
In the paper [DCF17] — motivated by the pursuit of an “explicit” proof of the
Bloch-Kato conjecture alternative to the proof by Voevodsky — C. De Clerq and
M. Florence take into consideration the 1-smoothness property. In particular,
they formulate the “Smoothness Conjecture”: namely, that it is possible to
deduce the surjective part of the Block-Kato conjecture (which is known to be the
“hard part” of the conjecture) from the fact that GK(p) is 1-smooth (see [DCF17,
Conj. 14.25] and Conjecture 4.9 for the pro-p version). For example, one has
that 1-smoothness implies the Artin-Schreier obstruction (cf. Proposition 2.5).
In this paper we study the structure of 1-smooth pro-p pairs, starting from
the results obtained in [EQ19] for Kummerian pro-p pairs. Our main goal is
to prove that the Smoothness pro-p Conjecture holds true in the class of p-adic
analytic pro-p groups (cf. Corollary 5.9).
Theorem 1.1. If a p-adic analytic pro-p group is 1-smooth, then it has the
Bloch-Kato property, i.e., its Galois Z/p-cohomology is a quadratic algebra.
This result is particularly significative in the context of maximal pro-p Galois
groups of fields, as p-adic analytic pro-p groups represent the “upper bound” of
the class of pro-p groups with the Bloch-Kato property — the “lower bound”
consisting of free pro-p groups, which are 1-smooth as well.
Moreover, we prove that the Kummerian property is hereditary via certain
quotients with a “nice” cohomological behavior (cf. Theorem 6.6). This allows to
extend some results that are stated in [EQ19] for finitely generated pro-p groups,
to the general case. In particular, we prove the following characterization (cf.
Theorem 6.10 and Corollary 6.11).
Theorem 1.2. For a pair G consisting of a pro-p group G endowed with a
continuous module Zp(1) with torsion-free action the following two conditions
are equivalent:
(i) G is Kummerian,
(ii) the canonical quotient G/K(G) of G is a torsion-free pro-p group,
(iii) for a closed normal subgroup N of G, N ⊆ K(G), the quotient G/N ,
endowed with the module induced by Zp(1), is Kummerian.
(See § 2 and § 3 for the definition of torsion-free action on Zp(1) and of the
subgroup K(G) respectively.) Actually, if the pair G consists of the maximal
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pro-p Galois group G = GK(p) of a field K containing a root of unity of order p,
endowed with the cyclotomic module, then the subgroup K(G) is the maximal
pro-p group of the field K( p
∞√
K) (cf. Proposition 4.2), which is conjectured to
be free by L. Positselski’s version of the Bogomolov’s Conjecture (see [Pos05] and
Remark 4.3). Moreover, we show this further cohomological characterization:
G is Kummerian if, and only if, the subgroup K(G) is the intersection of the
preimages of 0 via all continuous 1-cocycles c : G→ Zp(1) which factor through
a finitely generated quotient of G (cf. Theorem 6.13).
Acknowledgment. The author is deeply indebted with N. D. Taˆn, who pointed out to
the author the possible importance of [Lab67, Prop. 6], some years ago; with P. Guillot
for the inspiring discussions (without which this paper wouldn’t exist) on the paper
[DCF17]; and with I. Efrat and Th. Weigel, for working with the author on the pa-
pers [EQ19] and [QW18] respectively. Also, warm thanks are due to G. Chinello and
F. Matucci for their helpful comments. This paper originates also from the discussions
(in particular with M. Florence) during the workshop “Nilpotent Fundamental Groups”
which took place at the Banff International Research Station (Canada) in June 2017,
(see [MPTW17, § 3.1.6, 3.2.6]), so the author is grateful also to the organizers of the
workshop.
2. Kummerian pro-p pairs
For a prime number p let Z×p denote the group of units of the ring of p-adic
integers Zp. Following [Efr98], a pair G = (G, θ) consisting of a pro-p group G
endowed with a continuous homomorphism θ : G → Z×p is called a cyclotomic
pro-p pair. The homomorphism θ is called an orientation of G (cf. [QW18]).
A cyclotomic pro-p pair G = (G, θ) is said to be torsion-free if the image of
θ is torsion-free. Since the pro-p Sylow subgroup of Z×p is the group of 1-units
1 + pZp, which is isomorphic to Zp for p odd, the torsion-freeness assumption
implies that either p 6= 2, or p = 2 and Im(θ) ⊆ 1 + 4Z2. Moreover, G is said to
be finitely generated if G is a finitely generated pro-p group (in the topological
sense).
In the category of cyclotomic pro-p pairs one has the following basic construc-
tions. Let G = (G, θ) be a cyclotomic pro-p pair.
(a) If N is a closed normal subgroup of G contained in Ker(θ), the cyclo-
tomic pro-p pair G/N is the pair (G/N, θ¯), where θ¯ : G/N → Z×p is the
orientation induced by θ.
(b) If H is a closed subgroup of G, the cyclotomic pro-p pair ResH(G) is the
pair (H, θ|H).
(c) If A is an abelian pro-p group (written multiplicatively), the cyclotomic
pro-p pair A⋊G is the pair (A⋊G, θ˜), with action given by gag−1 = aθ(g)
for every g ∈ G, a ∈ A, and θ˜ : A ⋊ G → Z×p is the composition of the
projection A⋊G→ G with θ.
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(d) A morphism of cyclotomic pro-p pairs G1 → G2, with Gi = (Gi, θi) for
i = 1, 2, is a homomorphism of pro-p groups φ : G1 → G2 such that
θ1 = θ2 ◦ φ.
A cyclotomic pro-p pair G = (G, θ) has a distinguished pro-p (left) G-module
Zp(1), which is equal to the additive group Zp and with G-action given by
g · z = θ(g) · z, for all g ∈ G, z ∈ Zp(1).
If G is torision-free, then the G-module Zp(1)/p is simply the trivial module
Z/p. In the setting of algebraic number theory, the module Zp(1) is called the
1st Tate twist of Zp (cf. [NSW08, Def. 7.3.6]).
The following definitions are from [EQ19] and [DCF17, § 14] respectively.
Definition 2.1. Let G = (G, θ) be a cyclotomic pro-p pair.
(i) The pair G is said to be Kummerian if for every n ≥ 1 the map
(2.1) H1(G,Zp(1)/p
n) // H1(G,Zp(1)/p) ,
induced by the epimorphism of G-modules Zp(1)/p
n → Zp(1)/p, is sur-
jective.
(ii) The pair G is said to be 1-smooth if for every open subgroup U of G, the
pair ResU (G) is Kummerian.
Similarly, a pro-p group G is said to be Kummerian, respectively 1-smooth,
if there exists an orientation θ : G → Z×p such that G = (G, θ) is Kummerian,
respectively 1-smooth.
Remark 2.2. Let G = (G, θ) be a cyclotomic pro-p pair.
(a) If θ is trivial then Zp(1) = Zp, and for n ≥ 1 H1(G,Zp(1)/pn) coincides
with the group Hom(G,Z/pn) of continuous homomorphisms from G to
Z/pn.
(b) Likewise, if G is torsion-free, then H1(G,Zp(1)/p) = Hom(G,Z/p).
(c) Let G′ denote the closed commutator subgroup of G, and let Gp denote
the closed subgroup of G generated by p-powers. The Frattini subgroup
of G is Φ(G) = Gp · G′. Then one has an isomorphism of discrete p-
elementary abelian groups
H1(G,Z/p) ≃ (G/Φ(G))∗,
where −∗ denotes the Z/p-dual (cf. [NSW08, § III.9]).
(For a basic definition of the degree-1 cohomology group of a profinite group with
general continuous modules we refer to [Gui18, Ch. 10] and [NSW08, § I.2]).
The following result shows that in a 1-smooth pro-p group, Kummerianity is
inherited by closed subgroups (cf. [QW18, Cor. 3.2]).
Lemma 2.3. Let G = (G, θ) be a 1-smooth pro-p pair, and let H ⊆ G be a
closed subgroup. Then ResH(G) is Kummerian.
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Proof. Let H ⊆ G be a closed subgroup. Then for every n ≥ 1 one has
H1(H,Zp(1)/p
n) = lim−→
U
H1(U,Zp(1)/p
n),
where U ranges among all open subgroup of G containing H, and the mappings
are given by restrictions (cf. [Ser02, § I.2.2, Prop. 8]). Since the morphism (2.1)
is surjective for every such U , then it is surjective also for H. 
The following fact, which is a consequence of [NSW08, Cor. 2.7.6], shows that
the condition of 1-smoothness for a cyclotomic pro-p pair G = (G, θ) amounts
to say that θ is a 2-cyclotomic orientation as defined in [QW18].
Lemma 2.4. Let G = (G, θ) be a cyclotomic pro-p pair. Then the morphism
(2.2) H1cts(G,Zp(1)) −→ H1(G,Zp(1)/p)
is surjective if, and only if, G is Kummerian.
Proof. HereH∗cts denotes continuous cochain cohomology as introduced by J. Tate
in [Tat76], see also [NSW08, § II.7]. Set k ∈ N∪{∞} such that Im(θ) = 1+pkZp.
Then H0(G,Zp(1)/p
n) is isomorphic to Z/pmin{n,k}, and hence it is finite for ev-
ery n. Thus [NSW08, Cor. 2.7.6] yields H1cts(G,Zp(1)) = lim←−nH
1(G,Zp(1)/p
n),
so that the morphism (2.2) is surjective if, and only if, the morphisms (2.1) are
surjective for all n ≥ 1.
The long exact sequence in cohomology induced by the epimorphism of G-
modules Zp(1)→ Zp(1)/p implies that H2cts(G,Zp(1)) is torsion-free if, and only
if, (2.2) is surjective, and this yields the claim. 
For 1-smooth pro-p pairs one has the following “Artin-Schreier type” result
(cf. [EQ19, Ex. 3.5] and [DCF17, Ex. 14.27])
Proposition 2.5. A cyclotomic pro-p pair G = (G, θ), with G a finite p-group,
is 1-smooth if, and only if, p = 2, G is the cyclic group of order 2 and θ is the
isomorphism G → {±1}. In particular, if G is torision-free and 1-smooth, then
G is torsion-free.
Examples 2.6. (a) A cyclotomic pro-p pair G = (G, θ) with G a free pro-p
group is 1-smooth for any orientation θ : G→ Z×p (cf. [QW18, § 2.2]).
(b) Let G = (G, θ), where G is an infinite Demushkin group with θ : G→ Z×p
as defined by J. Labute in [Lab67, Thm. 4]. Then G is 1-smooth (cf.
[EQ19, Thm. 7.6] and [QW18, Thm. 6.8]).
(c) Let G = (G, θ) be a cyclotomic pro-p pair with θ trivial. Then G is
Kummerian if, and only if, the abelianization Gab = G/G′ of G is a
torsion-free abelian pro-p group (cf. [EQ19, Ex. 3.5 (1)]). Thus, G is
1-smooth if, and only if, Uab is torsion-free for every open subgroup
U ⊆ G.
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3. The subgroups K(G) and Z(G)
For a cyclotomic pro-p pair G = (G, θ), let K(G) be the subgroup
K(G) =
〈
h−θ(g)ghg−1
∣∣∣ g ∈ G,h ∈ Ker(θ)
〉
(the subgroup K(G) was introduced in [EQ19, § 3]). Then K(G) is a closed
normal subgroup of G, with K(G) ⊆ Ker(θ) and Ker(θ)′ ⊆ K(G). If θ : G→ Z×p
is trivial, then K(G) = G′. Moreover, K(G) ⊆ Φ(G). One has the following (cf.
[EQ19, Prop. 3.3]).
Proposition 3.1. If G = (G, θ) is a torsion-free cyclotomic pro-p pair, then
G/K(G) ≃ (Ker(θ)/K(G)) ⋊ (G/Ker(θ)).
Conversely, the θ-center Z(G) of G is the subgroup
Z(G) =
〈
h ∈ Ker(θ)
∣∣∣ghg−1 = hθ(g) for all g ∈ G
〉
(the subgroup Z(G) was introduced in [Qua14, § 1]). Then Z(G) is a closed
normal subgroup of G, with Z(G) ⊆ Ker(θ). Moreover, Z(G) is abelian, and if
θ : G → Z×p is trivial, then Z(G) is the center of G. The pair G is said to be
θ-abelian if Z(G) = Ker(θ) and Z(G) is torision-free.
The next result combines [Qua14, Prop. 3.4] and [EQ19, Cor. 3.7].
Proposition 3.2. Let G = (G, θ) be a finitely generated torsion-free cyclotomic
pro-p pair. The following are equivalent.
(i) G is θ-abelian.
(ii) G ≃ A⋊ (G/Ker(θ)), with A a torsion-free abelian pro-p group.
(iii) G is Kummerian and K(G) = {1}.
In particular, if θ is trivial then G is θ-abelian if, and only if, G is abelian
torsion-free.
If G is θ-abelian, then also ResH(G) is θ|H-abelian, for every closed subgroup
H ⊆ G (cf. [QW18, Rem. 6.3]). Thus, Proposition 3.2 implies that a θ-abelian
pro-p pair G is 1-smooth.
On the other hand, the next result — which is “dual” to Proposition 3.2 —
follows from [EQ19, Thm. 5.6 and Thm. 7.1].
Proposition 3.3. Let G = (G, θ) be a finitely generated torsion-free cyclotomic
pro-p pair. The following conditions are equivalent.
(i) G is Kummerian.
(ii) The pro-p group Ker(θ)/K(G) is torsion-free.
(iii) G/K(G) is θ-abelian.
In particular, if θ is trivial then G is Kummerian if, and only if, the abelianiza-
tion G/G′ is torsion-free.
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Remark 3.4. The original definition of Kummerian pro-p pair differs from Def-
inition 2.1, as in [EQ19, Def. 3.4] a cyclotomic pro-p pair G is said to be Kum-
merian if Ker(θ)/K(G) is torision-free. By Proposition 3.3, these two definitions
are equivalent if G is finitely generated. We shall see that they are equivalent
also in the general case, as shown by Theorem 6.10.
4. The Galois case
For a field K, let K¯s denote the separable closure of K. Moreover, for n ≥ 1
let µpn denote the group of roots ζ of 1 lying in K¯s such that ζ
pn = 1, and set
µp∞ =
⋃
n≥1 µpn . If µp ⊆ K, then µp∞ is contained in the maximal p-extension
K(p) of K, and the action of the maximal pro-p Galois group GK(p) on µp∞
induces the pro-p cyclotomic character
θK,p : GK(p) −→ Z×p ,
as the group Aut(µp∞/µp) of all automorphisms of µp∞ fixing µp is isomorphic
to 1 + pZp — namely, one has σ(ζ) = ζ
θK,p(σ) for all σ ∈ GK(p) and ζ ∈ µp∞ .
The cyclotomic pro-p pair of the field K is the pair GK = (GK(p), θK,p), which
is torsion-free if, and only if, p 6= 2 or p = 2 and √−1 ∈ K. Let L/K be a Galois
p-extension such that L ⊇ K(µp∞). Then GL(p) ⊆ Ker(θK,p), and we may define
the cyclotomic pro-p pair GL/K = GK/GL(p).
The following Theorem shows why Kummerian and 1-smooth pro-p pairs are
so interesting (cf. [EQ19, Thm. 4.2] and [DCF17, Prop. 14.19]).
Theorem 4.1. Let K be a field containing a root of unity of order p, and let
L/K be a Galois p-extension of K such that L ⊇ K( p∞√K). Then GL/K is
Kummerian. In particular, the pair GK is 1-smooth.
(Here K( p
∞√
K) denotes the compositum of all extensions K( p
n√
a), with a ∈
K, n ≥ 1.) Theorem 4.1 is a consequence of Hilbert 90: for K and L as above,
set G = Gal(L/K); then from the short exact sequences of G-modules
1 // µpn // L
× p
n
// L× // 1 ,
with n ≥ 1, one obtains the commutative diagram
0 // K×/(K×)p
n
mod p


∼
// H1(G,µpn) //

H1(G,L×) = 0
0 // K×/(K×)p
∼
// H1(G,µp) // H
1(G,L×) = 0
(cf. [Lab67, p. 131]), so that the central vertical arrow is surjective.
In the arithmetic setting one has the following interpretation of the subgroups
K(G) and Z(G) (cf. [EQ19, Thm. 4.2] and [QW18, Rem. 7.7]).
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Proposition 4.2. Let K be a field containing a root of unity of order p. Then
K(GK) is the maximal pro-p Galois group of p
∞√
K, and Z(GK) is the inertia
group of the maximal p-Henselian valuation admitted by K.
Remark 4.3. L. Positselski’s version of the Bogomolov Conjecture states that
if K contains a root of unity of order p (and
√−1 is p = 2) then K(GK) is a free
pro-p group (cf. [Pos05, Conj. 1.2]).
In some cases the converse of Theorem 4.1 holds: namely, for a torsion-free
1-smooth pro-p pair G, there exists a field K such that G = GK .
Example 4.4. Let K be a field containing a root on unity of order p, and
containing
√−1 if p = 2. One says that K is p-rigid if for every a, b ∈ K× with
associated Kummer elements (a)K , (b)K ∈ H1(GK(p),Z/p), if the condition
(a)K · (b)K = 0 in H2(GK(p),Z/p)
implies that (b)K = (a)
m
K for some 0 ≤ m ≤ p−1 or (a)K = 0 (cf. [CMQ15, § 3]).
By [CMQ15, Cor. 3.17], a finitely generated torsion-free cyclotomic pro-p pair G
is θ-abelian if, and only if, there is a p-rigid field K such that G = GK .
De Clercq and Florence ask whether all 1-smooth cyclotomic pro-p pairs arise
from absolute Galois groups of fields. The following is the pro-p version of
[DCF17, Prob. 14.20].
Question 4.5. Let G = (G, θ) be a 1-smooth cyclotomic pro-p pair. Is there a
field K containing a root of unity of order p such that G = GK?
A non-negatively graded algebra A• =
⊕
n≥0An over a field F, with A0 = F,
is called a quadratic algebra if it is 1-generated — i.e., every element is a combi-
nation of products of elements of degree 1 —, and its relations are generated by
homogeneous relations of degree 2 (cf. [PP05]). The following definitions come
from [DCF17, Def. 14.21] and [Qua14, § 1] respectively.
Definition 4.6. Let G be a pro-p group, and let n ≥ 1. Cohomology classes in
the image of the natural cup-product
H1(G,Z/p)× . . . ×H1(G,Z/p) ∪−→ Hn(G,Z/p)
are called symbols (relative to Z/p).
(i) If for every open subgroup U ⊆ G every element α ∈ Hn(U,Z/p), for
every n ≥ 1, can be written as
α = cornV1,U (α1) + . . .+ cor
n
Vr ,U(αr), r ≥ 1,
where αi ∈ Hn(Vi,Z/p) is a symbol and
cornVi,U : H
n(Vi,Z/p) −→ Hn(U,Z/p)
is the corestriction map (cf. [NSW08, § I.5]), for some open subgroups
Vi ⊆ U , then G is called a weakly Bloch-Kato pro-p group.
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(ii) If for every open subgroup U ⊆ G every element of Hn(U,Z/p), for every
n ≥ 1, is a symbol, and moreover the Z/p-cohomology algebra
H•(U,Z/p) =
⊕
n≥0
Hn(U,Z/p),
endowed with the cup-product, is a quadratic algebra over Z/p, then G
is called a Bloch-Kato pro-p group.
Examples 4.7. (a) By the Rost-Voevodsky Theorem, if K contains a root
of unity of order p (and also
√−1 if p = 2), then GK is Bloch-Kato.
(b) A free pro-p group G is Bloch-Kato, as Hn(G,Z/p) = 0 for n ≥ 2
([NSW08, Prop. 3.5.17]), and a Demushkin group is Bloch-Kato (cf.
[QW18, Thm. 6.8]).
(c) A θ-abelian pro-p pair G = (G, θ) is Bloch-Kato; in particular, one has
H•(G,Z/p) ≃ Λn≥0H1(G,Z/p),
where the right-side is the exterior Z/p-algebra generated by H1(G,Z/p)
(cf. [Qua14, Cor. 4.8]).
(d) Let F be a 2-generated free pro-p group, and set G = F × F ; then
H•(G,Z/p) is quadratic butG is not Bloch-Kato (cf. [Qua14, Thm. 5.6]).
(e) Let G be the pro-p group with minimal presentation
〈x1, x2, x3 | [[x1, x2], x3] = 1〉.
Then G is not Bloch-Kato (cf. [CEM12, Ex. 9.4]).
The above examples and Question 4.5 raise the following question.
Question 4.8. Let G be one of the groups of Examples 4.7 (d)-(e), and set
G = (G, θ) with θ trivial. By Example 2.6 (b), G is Kummerian. Is G 1-smooth
too?
A positive answer to the above question would give a negative answer to
Question 4.5.
The only finite Bloch-Kato pro-p groups are elementary abelian 2-groups (cf.
[Qua14, p. 796]): thus, by Proposition 2.5 in the class of finite p-groups 1-
smoothness implies the (weak) Bloch-Kato condition. The “Smoothness Con-
jecture” formulated by De Clerq and Florence states that this holds for all profi-
nite groups (cf. [DCF17, Conj. 14.25]). The following is the pro-p version of the
Smoothness Conjecture.
Conjecture 4.9. Let G = (G, θ) be a torsion-free 1-smooth pro-p pair. Then G
is weakly Bloch-Kato.
In the case of G = GK for some field K containing a root of unity of order
p, one may show using Milnor K-theory that the weak Bloch-Kato condition
implies that H•(G,Z/p) is 1-generated (cf. [DCF17, Rem. 14.26]). In view of
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Theorem 4.1, a positive answer to the Smoothness Conjecture would provide
a new proof of the “1-generation half” (which is acknowledged to be the hard
part) of the Bloch-Kato conjecture (cf. [DCF17, § 1.1]).
5. Analytic pro-p groups
Our main reference for uniform and analytic pro-p groups are chapters 4 and
8 of [DdSMS99].
Definition 5.1. (i) A pro-p group G is called powerful if G′ ⊆ Gp, and
G′ ⊆ G4 if p = 2.
(ii) A finitely generated pro-p groupG is called uniformly powerful (or simply
uniform) if it is powerful and torsion-free.
(iii) A profinite group G is called p-adic analytic if is a p-adic analytic mani-
fold and the map (x, y) 7→ x−1y is analytic, or, equivalently, if it contains
an open uniform subgroup.
For a pro-p group G let d(G) denote the minimal number of (topological)
generators of G, i.e., d(G) = dim(G/Φ(G)), and let the rank of G be the
supremum of all d(H) with H running through all closed subgroups of G (cf.
[DdSMS99, § 3.2]). Then a finitely generated pro-p group is analytic if, and only
if, it has finite rank — in particular, a closed subgroup of a finitely generated
p-adic analytic pro-p group is again finitely generated and p-adic analytic —;
moreover, every finitely generated powerful pro-p group has finite rank.
The dimension dim(G) of an analytic pro-p group G is the minimal number of
generators d(U) of a uniform subgroup U of G (by [NSW08, Lemma 4.6] dim(G)
does not depend on the choice of the uniform subgroup). One has the following
(cf. [DdSMS99, Thm. 4.8]).
Proposition 5.2. Let G be a p-adic analytic pro-p group, and let N ⊆ G be a
normal subgroup of G. Then also N and G/N are p-adic analytic, and one has
(5.1) dim(G) = dim(N) + dim(G/N).
Remark 5.3. Let G be a uniform pro-p group. Then by M. Lazard’s work
[Laz65] the Z/p-cohomology ring is a quadratic algebra, in particular, one has
an isomorphism of algebras
H•(G,Z/p) ≃ Λn≥0H1(G,Z/p)
(cf. [SW00, Thm. 5.1.5]).
Examples 5.4. (a) If G ≃ Znp for some n ≥ 1, then G is uniform with
dim(G) = n. More in general, if G ≃ Znp ⊕A with A an abelian p-group
of finite exponent, then G is powerful and analytic, and dim(G) = n.
(b) If G = (G, θ) is θ-abelian, with G finitely generated, then G is uniform
with dim(G) = d(G) (cf. [Qua14, Thm. A]).
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(c) The Heisenberg pro-p group is the pro-p group G with minimal presen-
tation
G = 〈x, y | [[x, y], x] = [[x, y], y] = 1〉.
The group G is analytic and torsion-free, with dim(G) = 3, i.e., G is
homeomorphic to Zp × Zp × Zp as p-adic manifold. Set z = [x, y] and
t = xp, and let U be the open subgroup of G generated by t, y, z — in
particular, [G : U ] = p. Then U is subject to the relations [t, z] = [y, z] =
1 and
[t, y] = [xp, y] = [x, y]x
p−1 · · · [x, y]x · [x, y] = [x, y]p = zp,
so that U is uniform, with d(U) = 3.
Recall that a θ-abelian cyclotomic pro-p pair G = (G, θ) is 1-smooth, and
in particular Kummerian. The following result shows that being θ-abelian is a
necessary condition for a cyclotomic pro-p pair G with uniform group G to be
Kummerian.
Proposition 5.5. Let G = (G, θ) be a cyclotomic pro-p pair with G uniform.
Then G is Kummerian if, and only if, it is θ-abelian.
Proof. We need to show only that if G is Kummerian, then it is θ-abelian.
Since both G and G/K(G) are uniform (the latter by Proposition 3.2 and
Example 5.4), Remark 5.3 implies that
H2(G,Z/p) ≃ Λ2H1(G,Z/p),
H2(G/K(G),Z/p) ≃ Λ2H1(G/K(G),Z/p).
On the other hand, the epimorphism G→ G/K(G) induces maps
infnG,K(G) : H
n(G/K(G),Z/p) −→ Hn(G,Z/p)
for every n ≥ 1 such that inf1G,K(G)(α)∧inf1G,K(G)(α′) = inf2G,K(G)(α∧α′) for every
α,α′ ∈ H1(G/K(G),Z/p) (cf. [NSW08, Prop. 1.5.3]). Moreover, inf1G,K(G) is an
isomorphism by Remark 2.2 and [EQ19, Lemma 5.3]. Therefore, also inf2G,K(G)
is an isomorphism, and by the 5-term exact sequence in cohomology
0 // H1(G/K(G),Z/p)
inf1
G,K(G)
// H1(G,Z/p)
res1
G,K(G)
// H1(K(G),Z/p) EDBC
GF@A
// H2(G/K(G),Z/p)
inf2
G,K(G)
// H2(G,Z/p)
(cf. [NSW08, Prop. 1.6.7]) one has H1(K(G),Z/p) = 0, i.e., K(G) is trivial, and
G is θ-abelian by Proposition 3.3. 
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From the above result one deduces that in the class of uniform pro-p groups
kummerianity implies 1-smoothness. On the other hand, in order to obtain
θ-abelian pro-p groups from p-adic analytic pro-p groups, the assumption of
Kummerianity is not enough, as shown by the following example.
Example 5.6. Set G = (G, θ) with G be the Heisenberg pro-p group and θ
trivial. Then G is Kummerian by Example 2.6 (b). Yet, let U ⊆ G be the open
subgroup as in Example 5.4. The pro-p pair (U, θU ) is not kummerian for any
morphism θU : U → Z×p by [EQ19, Thm. 8.1],as one has a minimal presentation
U = 〈t, y, z | [t, z] = [y, z] = 1, [t, y] = zp〉.
In particular, U is uniform but (U, θU ) is not θ-abelian. Therefore, G can not
complete in a 1-smooth pro-p pair.
Proposition 5.7. Let G = (G, θ) be a 1-smooth torsion-free cyclotomic pro-p
pair with G p-adic analytic of dimension dim(G) ≤ 3. If G is 1-smooth, then it
is θ-abelian.
Proof. Since G is torsion-free, G is torsion-free by Proposition 2.5, and moreover
Gab is torsion-free by Example 2.6. Thus, dim(Gab) ≥ 1, and by Proposi-
tion 5.2 one has dim(G′) = dim(G) − dim(Gab) ≤ 2. Thus, G′ is uniform by
[GSK09, Prop. 7.1]. Moreover, ResG′(G) is again 1-smooth, with θ|G′ trivial, so
Proposition 5.5 implies that G′ is abelian. Therefore, G is soluble.
If dim(G) = 1, then G ≃ Zp, and if dim(G) = 2 then G is uniform by
[GSK09, Prop. 7.1], and thus G is θ-abelian by Proposition 5.5.
If dim(G) = 3 then we may apply [GSK09, Thm. 7.4]: if G is isomorphic to
one among the groups
G0(∞) = Z3p,
G1(s) =
〈
x, y1, y2
∣∣∣[y1, y2] = 1, [yi, x] = ypsi , i = 1, 2
〉
,
G2(s, r, d) =
〈
x, y1, y2
∣∣∣[y1, y2] = 1, [y1, x] = yp
s
1 y
ps+rd
2 , [y2, x] = y
ps+r
1 y
ps
2
〉
,
with s, r ≥ 0, d ∈ Zp (items (1), (3) and (4) in the statement of [GSK09,
Thm. 7.4]), then G is powerful and thus uniform; on the other hand, if G is
isomorphic to
G0(s) =
〈
x, y, z
∣∣[x, y] = zps , [x, z] = [y, z] = 1〉
with s ≥ 0 (item (2) in the statement of [GSK09, Thm. 7.4]), then G is not
1-smooth by Example 5.6 if s = 0 (i.e., G is the Heisenberg pro-p group) and by
[EQ19, Thm. 8.1] if s ≥ 1; finally, if G is isomorphic to one among the groups
G4(s, r) =
〈
x, y1, y2
∣∣∣[y1, y2] = 1, [y1, x] = yp
s+r
2 , [y2, x] = y
ps
1
〉
,
G2(s, r) =
〈
x, y1, y2
∣∣∣[y1, y2] = 1, [y1, x] = yps+rρ2 , [y2, x]yp
s
1
〉
,
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with s, r ≥ 0, s+r ≥ 1 (items (5) and (6) in the statement of [GSK09, Thm. 7.4]),
then G is not Kummerian by [EQ19, Thm. 8.1]. 
The next result generalizes Proposition 5.7 to the case dim(G) ≥ 3.
Theorem 5.8. Let G = (G, θ) be a torsion-free cyclotomic pro-p pair, with G
p-adic analytic. If G is 1-smooth, then it is θ-abelian.
Proof. Since G is torsion-free, G is torsion-free by Proposition 2.5. Set d = d(G)
and n = dim(G). We proceed by induction on n.
Assume first that θ : G → Z×p is trivial. By Proposition 5.7 we may assume
that n ≥ 3. One has a short exact sequence of cyclotomic pro-p pairs
(5.2) 1 // ResG′(G) // G // G/G′ // 1 ,
with Gab ≃ Zdp by Example 2.6, and dim(G′) = n− d by Proposition 5.2. Thus
ResG′(G) is abelian by induction on dim(G′), so that G′ ≃ Zn−dp . Moreover, we
may assume that d ≥ 2, otherwise G ≃ Zp.
Let N¯ ⊆ Gab be a normal subgroup such that Gab/N¯ ≃ Zp, and let N be a
normal subgroup of G containing G′ such that N/G′ ≃ N¯ . Hence G/N ≃ Zp,
and Proposition 5.2 yields
dim(N) = dim(G)− dim(G/N) = n− dim(Gab/N¯) = n− 1
so that N ) G′, as d ≥ 2 and dim(G′) = n − d. Also, ResN (G) is abelian by
induction on dim(N). Therefore, for every x ∈ G there exists N as above such
that x ∈ N , and one has [x,G′] = {1}, i.e., G′ is contained in the center of G.
Pick x, y ∈ G such that the closed subgroup H of G generated by x and
y is not pro-p-cyclic — i.e., d(H). Then H is analytic, and ResH(G) is again
1-smooth. Moreover,
[[x, y], x] = [[x, y], y] = 1,
which implies that dim(H ′) ≤ 1, and thus dim(H) = dim(H ′) + 2 ≤ 3 by
Proposition 5.2. Hence, ResH(G) is abelian by Proposition 5.7. Therefore, G is
abelian. This proves the statement of the theorem in the case θ is trivial.
Assume now that θ : G→ Z×p is not trivial. Again by Proposition 5.7, we may
assume that n ≥ 3. One has a short exact sequence of cyclotomic pro-p pairs
(5.3) 1 // ResK(G)(G) // G // G/K(G) // 1 ,
where G/K(G) ≃ A ⋊ G/Ker(θ) by Theorem 3.3, with A ≃ Zd−1p , so that
dim(G/K(G)) = d. Moreover, ResK(G)(G) is 1-smooth, so that by the state-
ment of the theorem for θ trivial and Proposition 5.2 one has K(G) ≃ Zn−dp .
We may assume that d ≥ 2, otherwise G ≃ Zp. Let C0 ⊆ G be a complement
to Ker(θ) — i.e., G = Ker(θ) ·G0 and ResC0(G) ≃ G/Ker(θ) —, and let x ∈ C0
be a generator. Moreover, set C = K(G) · C0 ⊆ G. Then C is analytic, and
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Proposition 5.2 implies dim(C) = dim(K(G)) + 1 = n − d + 1 < n, so that by
induction on dim(C) one has
ResC(G) ≃ Zn−dp ⋊ (G/Ker(θ)).
Recall thatK(G) is generated by elements y1−θ(x)−1 [y, x], with y ∈ Ker(θ). Thus,
one has
[(
y1−θ(x)
−1
[y, x]
)
, x
]
=
(
y1−θ(x)
−1
[y, x]
)θ(x)−1−1
= y−(1−θ(x)
−1)2 · [y, x]θ(x)−1−1.
(5.4)
On the other hand, commutator calculus implies that[
y1−θ(x)
−1
[y, x], x
]
=
[
y1−θ(x)
−1
, x
]
· [[y, x], x]
= [y, x]1−θ(x)
−1 · [[y, x], x].
(5.5)
(In both (5.4) and (5.5) we use the fact that y, [y, x] ∈ Ker(θ) and they commute,
as Ker(θ) is abelian by the statement of the theorem for θ trivial.) Therefore,
(5.4) and (5.5) imply
(5.6) [[y, x], x] = ([y, x] · y−1)(1−θ(x)−1)2 .
Let H ⊆ G be the closed subgroup generated by x and an arbitrary y ∈
Ker(θ). Then H is analytic and Ker(θ|H) is abelian by the statement of the
theorem for θ trivial. Moreover, (5.6) implies that Ker(θ|H) is generated by y
and [y, x], so that dim(Ker(θ|H)) ≤ 2. Hence, Proposition 5.2 yields dim(H) =
dim(Ker(θ|H)) + 1 ≤ 3, so that ResH(G) is θ|H -abelian by Proposition 5.7, and
y ∈ Z(ResH(G)).
The arbitrariness of y ∈ Ker(θ) implies that Ker(θ) ⊆ Z(G), and G is θ-
abelian. 
In [Qua14, Cor. 4.8] it is stated that if a torsion-free cyclotomic pro-p pair
G = (G, θ), with G p-adic analytic, is Bloch-Kato, then it is θ-abelian. Thus,
Theorem 5.8 implies the following.
Corollary 5.9. In the class of torsion free cyclotomic pro-p pairs whose under-
lying group is analytic, the conditions of being 1-smooth and being Bloch-Kato
are equivalent.
Corollary 5.9 implies that the Smoothness pro-p Conjecture holds true in this
class of pro-p groups. As mentioned in the Introduction, this result is particu-
larly relevant because p-adic analytic Bloch-Kato pro-p groups are the “upper
bound” of the class of Bloch-Kato pro-p groups — the “lower bound” consist-
ing of free pro-p groups, which are 1-smooth by Example 2.6 (a). Namely, if
a finitely generated (non-trivial) pro-p group G with minimal number of gen-
erators d(G) is Bloch-Kato, then by [Qua14, Prop. 4.1] for the cohomological
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dimension cd(G) and the number of defining relations r(G) — the latter being
equal to dimH2(G,Z/p) (cf. [NSW08, Cor. 3.9.5]) — one has the bounds
1 ≤ cd(G) ≤ d(G) and 0 ≤ r(G) ≤ d(G)
2 − d(G)
2
,
and the three conditions:
(i) cd(G) = d(G);
(ii) r(G) =
(d(G)
2
)
;
(iii) (G, θ) is θ-abelian for some θ : G→ Z×p ;
are equivalent (cf. [Qua14, Cor. 4.8]), whereas the lower bounds occur if, and
only if, G is free.
Moreover, the class of p-adic analytic pro-p groups is a wide class of pro-p
groups — e.g., for every d ≥ 2 there are uncountably many classes of isomor-
phisms of analytic pro-p groups G with d(G) = d —, so Corollary 5.9 provides
a significant evidence for the Smoothness Conjecture.
Remark 5.10. Torsion-free p-adic analytic pro-p groups G are Poincare´ duality
pro-p groups of cohomological dimension cd(G) = dim(G) (cf. [SW00, § 5]).
On the opposite side there are Poincare´ duality pro-p groups of cohomologi-
cal dimension cd(G) = 2, namely, infinite Demushkin groups, which are both
1-smooth and Bloch-Kato by Examples 2.6 (a) and 4.7 (b). This raises the
following sub-question of Conjecture 4.9: are 1-smooth Poincare´ duality pro-p
groups (weakly) Bloch-Kato?
6. Quotients and 1-cocycles
From [QW18, Cor. 3.3] one has the following.
Proposition 6.1. Let (I,) be a directed set, let G = (G, θ) be torsion-free
cyclotomic pro-p pair, and let (Ni)i∈I be a family of closed normal subgroups of
G satisfying Nj ⊆ Ni ⊆ Ker(θ) for any i  j, and such that
(i)
⋂
i∈I Ni = 1;
(ii) G/Ni is Kummerian for all i ∈ I.
Then also G is Kummerian.
The result above has the following consequence.
Corollary 6.2. Let G = (G, θ) be a θ-abelian pro-p pair. Then G is Kummerian,
and thus also 1-smooth.
Proof. If G is finitely generated, then the statement follows by Proposition 3.2.
If not, then one may find a family (Ni)i∈I of closed normal subgroups of G,
Ni ⊆ Z(G) = Ker(θ) for every i ∈ I, such that Z(G)/Ni is finitely generated and
torsion-free, and
⋂
iNi = {1}. Hence G/Ni is finitely generated and θ-abelian,
and by Proposition 6.1 G is Kummerian — and also ResU (G) for every open
subgroup U ⊆ G, by [QW18, Rem. 6.3]. 
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By Proposition 6.1, in order to check Kummerianity of a cyclotomic pro-p
pair G, it is enough to check it for all the quotients of G induced by a family
of closed normal subgroups satisfying the conditions as in Proposition 6.1 —
just like in Corollary 6.2. We ask whether also some kind of converse statement
is true, namely, if the Kummerianity of a cyclotomic pro-p pair G implies the
Kummerianity of some quotients of G.
Let G = (G, θ) be a cyclotomic pro-p pair. We focus now on closed normal
subgroups N of G such that N ⊆ Ker(θ), G/N is finitely generated, and the
epimorphism G→ G/N yields an epimorphism in cohomology
(6.1) res1G,N : H
1(G,Z/p) // // H1(N,Z/p)G.
Recall that one has an isomorphism H1(N,Z/p)G ≃ (N/Np[N,G])∗ of discrete
p-torsion groups (cf. [NSW08, Cor. 3.9.3]), so that (6.1) induces an inclusion
N/Np[N,G] ⊆ G/Φ(G). In other words, by duality one may find a minimal
system of (topological) generators of G such that N is generated as closed normal
subgroup by a cofinal subset of it.
A continuous map c : G→ Zp(1)/pn, with n ∈ N ∪ {∞}, is a 1-cocycle if
(6.2) c(g1, g2) = c(g1) + θ(g1) · c(g2)
for every x, y ∈ G (cf. [NSW08, § I.2], [Gui18, p. 198]). In particular, the
restriction of c on Ker(θ) is a homomorphism of pro-p groups.
Lemma 6.3. Let G = (G, θ) be a cyclotomic pro-p pair, and let c : G→ Zp(1)/pn
be a continuous 1-cocycle, with n ∈ N ∪ {∞}. Then c−1(0) ∩ Ker(θ) is a closed
normal subgroup of G.
Proof. First, {0} ⊆ Zp(1)/pn is open, and hence by continuity of c also c−1(0) is
open (and thus closed), and c−1(0) ∩Ker(θ) is closed.
For g1, g2 ∈ c−1(0), (6.2) yields c(g1g2) = 0. If g ∈ G and h ∈ c−1(0)∩Ker(θ),
then by [EQ19, Lemma 6.1]
c(g−1hg) = c(g−1) + θ(g)−1(c(h) + θ(h)c(g))
= c(g−1) + θ(g)−1(0 + c(g))
= −θ(g)−1c(g) + θ(g)−1c(g) = 0,
and this completes the proof. 
Lemma 6.4. Let G = (G, θ) be a cyclotomic pro-p pair, and let N ⊆ G
be closed a normal subgroup such that N ⊆ Ker(θ). Then a continuous 1-
cocycle c : G → Zp(1)/pn (with n ∈ N ∪ {∞}) induces a 1-continuous 1-cocycle
c¯ : G/N → Zp(1)/pn, and conversely, such that c = c¯ ◦ pi, with pi the canonical
projection pi : G→ G/N .
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Proof. For every g1, g2 ∈ G one has
c(g1g2) = c¯(g1g2N),
c(g1) + θ(g1)c(g2) = c¯(g1N) + θ(g1)c¯(g2N).
If c is a 1-cocycle then the equality of the two left-sides implies equality of the
two right-sides, and conversely if c¯ is a 1-cocycle. 
The following is a variant of [Lab67, Prop. 6] to the case G is not (necessarily)
finitely generated.
Lemma 6.5. [MRT18, Lemma 3.2] Let G = (G, θ) be a Kummerian pro-p pair.
Then for all n ∈ N one may arbitrarily prescribe the values of continuous 1-
cocycles G → Zp(1)/pn on a minimal system of generators of G provided that
for all but a finite number of generators these values are 0 — i.e., such 1-cocycles
factor through a finitely generated quotient of G.
Theorem 6.6. Let G = (G, θ) be a Kummerian torsion-free pro-p pair, and let
N ⊆ Ker(θ) be a closed normal subgroup of G satisfying condition (6.1) and
such that G/N is finitely generated. Then also G/N is Kummerian.
Proof. The epimorphisms pi = G → G/N and Zp(1)/pn → Z/p, n ≥ 1, induce
the commutative diagram
H1(G/N,Zp(1)/p
n)
τNn
//
fn

H1(G/N,Z/p)
f

H1(G,Zp(1)/p
n)
τn
// // H1(G,Z/p)
where the right-side vertical arrows fn and f are the inflation maps inf
1
G,N
— and therefore fn and f are injective by [NSW08, Prop. 1.6.7] —, and the
bottom horizontal arrow is surjective by Kummerianity of G. For β¯ a non-trivial
element of H1(G/N,Z/p), our goal is to find α ∈ H1(G/N,Z/pn(1)) such that
τNn (α) = β¯.
Set β = β¯◦pi = f(β¯). Then β : G→ Z/p is a non-trivial continuous homomor-
phisms such that Ker(β) ⊇ N . Let X be a minimal system of generators of G
such that X∩N generates N as closed normal subgroup. (Note that Xr(X∩N)
is finite.) By Lemma 6.5, there exists a continuous 1-cocycle c : G → Zp(1)/pn
such that
c(x) ≡ β(x) mod p for every x ∈ X,
and moreover c(x) = 0 for every x ∈ X ∩ N . Therefore, by Lemma 6.3, the
restriction c|N : N → Zp(1)/pn is the 0 map. By Lemma 6.4, c induces a contin-
uous 1-cocycle c¯ : G/N → Zp(1)/pn such that c¯ ◦ pi = c, and [c] = fn([c¯]), where
[c] ∈ H1(G,Zp(1)/pn) and [c¯] ∈ H1(G/N,Zp(1)/pn) denote the cohomology
classes of c and c¯ respectively. Altogether, one has
τn ◦ fn([c¯]) = f ◦ τNn ([c¯]),
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and by injectivity of fn and f , one obtains τ
N
n ([c¯]) = β¯. 
From Theorem 6.6 one may obtain new examples of pro-p groups which can
not complete into a Kummerian torsion-free pro-p pair, and thus not occurring
as maximal pro-p Galois groups of fields containing a root of unity of order p.
Example 6.7. Let G be a pro-p group on the basis X = {xi, i ∈ N}, let C ⊆ G
be the closed subgroup generated by {xi, i ≥ 2}, and suppose that there is a
relation of the following types:
(a) xλ1 · t = 1, where λ ∈ pZp and t ∈ C;
(b) xλ1 · st = 1, where λ ∈ pZp r pkZp for some k ≥ 2, s ∈ Pk+1(G) ∩G′ and
t ∈ C ∩G′
(Here Pi(G) denotes the ith term of the p-descending central series of G, cf.
[DdSMS99, Def. 1.15]). Then one may choose X such that xi ∈ Ker(θ) for
every i ≥ n, for some n ≥ 3. Let N ⊆ G be the closed normal subgroup
generated by {xi, i ≥ n}. Then the quotient G/N can not be completed into a
Kummerian torsion-free pro-p pair by [EQ19, Thm. 8.1], and therefore G can
not be completed into a Kummerian torsion-free pro-p pair by Theorem 6.6.
(Similar examples were shown not to occur as maximal pro-p Galois groups in
[MRT18, § 3], with a different procedure.)
Example 6.8. Let G be a pro-p group on the basis X = {xi, i ∈ N}, and
suppose that there are relations
xλ11 [x1, x3] · t1 = 1 and xλ22 [x2, x3] · t2 = 1,
with λ1, λ2 ∈ pZp, λ1 6= λ2, and t1, t2 lying in the closed normal subgroup of
G generated by {xi, i ≥ 4}. Let X be such that xi ∈ Ker(θ) for every i ≥ n,
for some n ≥ 5, and let N denote the closed normal subgroup of G generated
by {xi, i ≥ 4}. Then G/N can not be completed into a Kummerian torsion-free
pro-p pair by [EQ19, Ex. 8.3], and thus by Theorem 6.6 the pair G can not be
completed into a Kummerian torsion-free pro-p pair as well. In particular, G
does not occur as maximal pro-p Galois group of a field containing a root of
unity of order p.
Recall that a subgroupH of a group G is said to be isolated if g ∈ H whenever
gn ∈ H for some g ∈ G, n ≥ 1.
Lemma 6.9. Let G = (G, θ) be a torsion-free cyclotomic pro-p pair.
(i) If K(G) = {1} then a closed normal subgroup N of G, with N ⊆ Ker(θ),
satisfies condition (6.1) if, and only if, N is isolated.
(ii) If a closed normal subgroup N ⊆ G, with N ⊆ Ker(θ), satisfies condition
(6.1), then NK(G)/K(G) is an isolated subgroup of Ker(θ)/K(θ).
(iii) If N¯ is an isolated closed subgroup of Ker(θ)/K(θ), then there exists a
closed normal subgroup N of G, N ⊆ Ker(θ), satisfying (6.1) and such
that NK(G)/K(G) = N¯ .
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Proof. If K(G) is trivial, then Ker(θ) is abelian, and for every subgroup A ⊆
Ker(θ) one has [A,G] ⊆ Ap, so that H1(A,Z/p) ≃ (A/Ap)∗. By duality, N sat-
isfies condition (6.1) if, and only if, N/Np ⊆ Ker(θ)/Ker(θ)p, and this happens
if, and only if, N is isolated. This proves (i).
By [EQ19, Lemma 5.3] and Remark 2.2, the epimorphism G → G/K(G) in-
duces an isomorphism
(6.3) inf1G,K(G) : H
1(G/K(G),Z/p) ∼−→ H1(G,Z/p),
so that if N satisfies condition (6.1) with respect to G, then NK(G)/K(G) does
with respect to G/K(G), and thus it is isolated in Ker(θ)/K(G) by (i). This
proves (iii).
By (i) N¯ satisfies (6.1) with respect to G/K(G). Let W ⊆ H1(G,Z/p) denote
the preimage of H1(N¯ ,Z/p) via the isomorphism (6.3), and let N denote the
closed normal subgroup of G generated by the dual of W . Then N ⊆ Ker(θ),
H1(N,Z/p)G =W — so that N satisfies (6.1) —, and NK(G)/K(G) = N¯ . This
proves (iii). 
As promised in Remark 3.4, Theorem 3.3 holds also for cyclotomic pro-p pairs
which are not finitely generated.
Theorem 6.10. Let G = (G, θ) be a torsion-free cyclotomic pro-p pair. The
following conditions are equivalent.
(i) G is Kummerian.
(ii) The pro-p group Ker(θ)/K(G) is torsion-free.
(iii) G/K(G) is θ-abelian.
Proof. Conditions (ii) and (iii) are equivalent by Proposition 3.1 and by defini-
tion of θ-abelian pro-p pair.
Assume that Ker(θ)/K(G) is not torsion-free. Let N¯ ⊆ Ker(θ)/K(G) be an
isolated closed subgroup such that (Ker(θ)/K(G))/N¯ is finitely generated with
non-trivial torsion, and let N ⊆ Ker(θ) be a closed normal subgroup of G such
that G/N is finitely generated, NK(G)/K(G) = N¯ , and N satisfies (6.1), as in
Lemma 6.9. Then Ker(θ)/NK(G) ≃ (Ker(θ)/K(G))/N¯ has non-trivial torsion,
and one has an isomorphism of finitely generated torsion-free cyclotomic pro-p
pairs
(6.4)
G/N
K(G/N) ≃
Ker(θ)
NK(G) ⋊ (G/Ker(θ)),
where the right-side is not θ-abelian. Therefore, G/N is not Kummerian by
Proposition 3.3, and G is not Kummerian by Theorem 6.6. This shows that (i)
implies (ii).
Conversely, assume that Ker(θ)/K(G) is torision-free. For every closed normal
subgroupN ofG such thatN ⊆ Ker(θ), G/N is finitely generated andN satisfies
(6.1), the quotient NK(G)/K(G) is an isolated subgroup of Ker(θ)/K(G) by
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Lemma 6.9. Thus, Ker(θ)/NK(G) is an abelian finitely generated torsion-free
group, and again (6.4) is an isomorphism of finitely generated θ-abelian pro-p
pairs, so that G/N is Kummerian by Proposition 3.3. Since the intersection of
all such normal subgroups N is trivial, Proposition 6.1 yields (i). 
From Theorem 6.10 one deduces the following generalization of [EQ19, Thm. 5.6].
Corollary 6.11. Let G = (G, θ) be a torson-free cyclotomic pro-p pair, and let
N ⊆ G be a closed normal subgroup such that N ⊆ K(G). Then G is Kummerian
if, and only if, G/N is Kummerian.
Proof. Since N ⊆ K(G), one has an isomorphism of cyclotomic pro-p pairs
G/K(G) ≃ G/N
K(G/N) ,
thus the left-hand side is torsion-free if, and only if, the right-hand side is torsion-
free. 
Corollary 6.11 implies that a pro-p group G, with minimal presentation G =
F/R (with F a free pro-p group), is Kummerian if, and only if, R ⊆ K(F),
where F = (F, θˆ) for some orientation θˆ : F → Z×p , as F is always Kummerian
by Example 2.6.
Remark 6.12. By Theorem 6.10, if G is Kummerian then G/K(G) is the max-
imal θ-abelian quotient of G, as K(G) ⊆ Φ(G), and K(G) coincides with the
normal subgroup Oθ(G), the θ-radical of G, as defined in [QW18, § 8.1].
One may deduce that a variation of [EQ19, Thm. 7.7] holds for cyclotomic
pro-p pairs which are not finitely generated, too.
Theorem 6.13. Let G = (G, θ) be a torsion-free Kummerian pro-p pair. Then
G is Kummerian if, and only if,
(6.5) K(G) =
⋂
c : G→Zp(1)
c−1({0}),
where c runs through all continuous 1-cocycles c : G→ Zp(1) which factor through
a finitely generated quotient of G.
Proof. Assume that (6.5) holds. By Theorem 6.10, to show that G is Kummerian
is enouth to show that Ker(θ)/K(G) is torsion-free — in fact, we follow verbatim
the first half of the proof of [EQ19, Thm. 7.7]. Take g ∈ Ker(θ) such that
gp
n ∈ K(G) for some n ≥ 0. Then for any continuous 1-cocycle c : G → Zp(1),
necessarily c(gp
n
) = 0, thus from [EQ19, Lemma 6.1] one deduces
0 = c(gp
n
) = pn · c(g),
i.e., c(g) = 0 and g ∈ K(G) by hypothesis.
Conversely, assume G is Kummerian. Since G/K(G) is Kummerian, Lemma 6.5
implies that
⋂
c c
−1({0}) ⊇ K(G). For any g ∈ G rK(G) there exists a closed
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normal subgroup N of G, N ⊆ Ker(θ) satisfying (6.1) and such that G/N is
finitely generated and g /∈ N . Hence, G/N is Kummerian by Theorem 6.6, and
by [EQ19, Thm. 7.7] there exists a continuous 1-cocycle c¯ : G/N → Zp(1) such
that c¯(gN) 6= 0. Therefore, c¯ induces a continuous 1-cocycle c : G→ Zp(1) such
that c|N is trivial and c(g) 6= 0 
Remark 6.14. Given a field K containing a root of unity of order p (and also√−1 if p = 2), set (G, θ) = GK , and H = GK(µp∞ )(p) = Ker(θ). Moreover,
let L = K(µp∞)
p,ab be the maximal pro-p abelian extension of K(µp∞), i.e., L
is the subextension of K(p)/K fixed by the closed commutator subgroup H ′.
Then the pro-p pair GL/K = GK/H ′ is Kummerian by Theorem 4.1 — but not
necessarily 1-smooth —, and G splits as semi-direct product G ≃ Hab ⋊ G/H
— not in the cyclotomic sense (see also [EQ19, Ex. 4.4]).
For K a number field, Hab is a free abelian group (cf. [NSW08, Cor. 8.1.18]),
it is an Iwasawa module, and the study of its structure is very important in
algebraic number theory (see, e.g., [BSJN15]). From Theorem 6.6, one deduces
that for every G/H-submodule V of Hab such that Hab/V is a finitely generated
free abelian pro-p group, also the pair GL/K/V is Kummerian.
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